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Abstract
A collection P of n spanning subgraphs of the complete graph Kn is an orthogonal double
cover (ODC) of Kn if every edge of Kn belongs to exactly two members of P, and if every
two members of P share exactly one edge. P is an ODC of Kn by some graph G if all graphs
in P are isomorphic to G. Gronau, Mullin, and Rosa conjecture that every tree except the path
with four vertices admits an ODC of the tting Kn. They proved this to be true for trees of
diameter 3. In this paper, we show the correctness of their conjecture for some classes of trees
of diameter 4. ? 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction
An orthogonal double cover (ODC) G= fG1; : : : ; Gng of the complete graph on n
vertices is a set of spanning subgraphs of Kn such that:
(1) Every edge of Kn belongs to the edge sets of exactly two elements of G.
(2) For 16i6j6n there is exactly one edge belonging to the edge set of Gi and
the edge set of Gj.
Graphs Gi and Gj satisfying (2) are said to be orthogonal. The graphs Gi (i=1; : : : ; n)
are called pages of G, and if all pages Gi (i= 1; : : : ; n) are isomorphic to some graph
G, then G is called ODC of Kn by G.
The principal question here is: For which graphs G does there exist an ODC of
some complete graph by G ? This question was investigated rst by Demetrovics et al.
[7] who had an application of the existence of ODCs by graphs G of a certain
structure. Later results focus on several classes of graphs G as clique graphs [4,8],
graphs of maximum degree 2 [5,6,12], graphs consisting of disjoint cycles [10,14],
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graphs consisting of short cycles [9,17], almost Hamiltonian cycles [13,16], graphs on
few vertices [19]. The directed analogue of the problem was studied in [10].
A simple double counting immediately provides a necessary condition for an ODC.
Namely, if G= fG1; : : : ; Gng is an ODC of Kn, then for i=1; : : : ; n the edge set of Gi
contains exactly n− 1 edges. This fact is a special motivation for investigating ODCs
by trees. Unfortunately, to construct an ODC by some tree T turns out to be already
dicult for paths, although there are several results in that direction [1{3,13{16]. A
theorem in [18] states that for every tree T on at most 13 vertices there is an ODC
by T , except in the case T = P3 (the path with 3 edges). The current state of aairs
is given in the following theorem.
Theorem 1. Let T 6= P3 be a tree with n :=jV (T )j614. Then there is an ODC of
Kn by T .
The complete list of those ODCs can be found at the WWW-page
ftp://zeus.math.uni-rostock.de/WWW/vleck.html.
From [11] we know that every tree T 6= P3 of diameter 2 or 3 admits an ODC. In
general, the following is conjectured.
Conjecture 2. (Gronau et al. [11]). Let T be an arbitrary tree with n vertices, n>2,
where T 6= P3. Then there exists an ODC of Kn by T .
In this paper we construct ODCs by T for several classes of trees T of diameter 4.
2. Cyclic orthogonal double covers
An ODC of Kn by some graph G is called cyclic if the cyclic group of order n is
a subgroup of its automorphism group. For cyclic orthogonal double covers we shall
use the abbreviation CODC. Every page of a CODC G is said to be a starter for G.
Let the vertex set of Kn be the set [n] :=f0; 1; : : : ; n− 1g. Obviously, arranging the
elements of [n] equidistantly and in monotone order on a circle, a CODC of Kn can be
obtained by taking a suitable starter and all pages arising from rotation of that starter.
To formulate an equivalent condition for the existence of a CODC of Kn by some
graph G, we dene the distance ‘(x; y) between x; y 2 [n] to be the length of the
shorter one of the two paths from x to y on the circle, i.e.
‘(x; y) :=minfjx − yj; n− jx − yj:g
If there is an edge connecting the vertices x and y, then ‘(x; y) is called the length of
the edge fx; yg. Consider two edges e1 = fx1; y1g and e2 = fx2; y2g with x1; y1; x2; y2 2
[n] and ‘(e1) = ‘(e2). Their rotation-index r(e1; e2) is dened to be the length of the
shorter one of the two rotations mapping e1 onto e2, i.e.
r(e1; e2) :=

‘(x1; x2) if ‘(x1; x2) = ‘(y1; y2);
‘(x1; y2) if ‘(x1; y2) = ‘(x2; y1):
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Fig. 1. The (p; q; 3)-tree.
If for some graph G= ([n]; E) the set E contains exactly two edges e1; e2 of length k,
then r(e1; e2) will be abbreviated by rG(k), or simply by r(k) if there is no danger of
ambiguity.
The authors of [11] introduced the notion of an orthogonal labelling (OL). A la-
belling of a graph G = (V; E) is simply a bijection :V ! [n]. A labelling of a graph
G= (V; E) with jV j= n and jEj= n− 1 is called orthogonal if (with respect to ) the
following conditions are satised:
(a) G contains exactly two edges of length k for k = 1; : : : ; b (n− 1)=2c .
(b) The rotation-indices form a permutation of f1; : : : ; b(n− 1)=2cg, that means
frG(k)jk = 1; : : : ; b(n− 1)=2cg= f1; : : : ; b(n− 1)=2cg :
The next theorem relates CODCs and OLs.
Theorem 3. (Ganter et al. [9] and Gronau et al. [11]). Let G=(V; E) be a graph with
jV j= n and jEj= n− 1. There exists a CODC of Kn by G i there is an OL of G.
CODCs are of special interest since they are often suitable starting points for
recursive constructions of ODCs. We will use CODCs as starting points for the adding-
construction which is described in the next section.
Obviously, every labelling of the n-star (the tree of diameter 2 with n edges) is an
OL. Therefore, the following lemma holds.
Lemma 4. There is a CODC of Kn+1 by the n-star.
For our constructions of ODCs by trees of diameter 4, sometimes CODCs by trees
of diameter 3 will be needed. As mentioned in the introduction, there are ODCs by
all trees of diameter 3, except P3. It is also known which trees of diameter 3 admit
CODCs. By (p; q; 3)-tree we denote the tree of diameter 3 whose vertex set contains
two adjacent vertices of degrees p+ 1 and q+ 1, respectively (Fig. 1).
Theorem 5. (Leck and Leck [18]). Let T be the (p; q; 3)-tree on n=p+q+2 vertices.
There is a CODC of Kn by T i n and pq are not relatively prime.
3. The adding-construction
There are several constructions for ODCs which make use of relations between ODCs
and other structures like pairwise balanced designs [8,11], orthogonal latin squares
380 U. Leck, V. Leck /Discrete Applied Mathematics 95 (1999) 377{388
[5,11], quasi-groups [9], or rings satisfying certain conditions [8]. So far there are only
few applications of these constructions to trees; pairwise balanced designs were used
to construct ODCs by trees which arise from amalgamating in a certain way 3-stars
[11] or 4-stars [18], or by trees obtained from a star by replacing each edge by a path
of length 4 [11].
A problem with the above-mentioned constructions is that the existence of the used
structures often turns out to be a restrictive condition. The adding-construction, which
we will make use of in the next sections, \adds" two ODCs of Km and Kn, respectively,
and provides an ODC of Km+n. The authors of [11] applied an initial version of the
adding-construction to obtain from an ODC of Kn by some graph G an ODC of K2n
by G, where G is obtained from G by joining every vertex with a new vertex by a
new edge.
The adding-construction works as follows. Consider the complete graphs Km and Kn
on the vertex sets f1; : : : ; mg and f 1; : : : ; ng, respectively. Let G1 be an ODC of Km
and G2 an ODC of Kn. Add the vertices 1; : : : ; n to the vertex set of every page of G1
and the vertices 1; : : : ; m to the vertex sets of all pages of G2. Let G0 be the collection
of all the resulting graphs. To make G0 an ODC G of Km+n, we have to allot the
edges fi; jg (i=1; : : : ; m; j= 1; : : : ; n) to the elements of G0 in such a way that each of
these edges appears in exactly one page generated from G1 and in exactly one page
generated from G2. Trivially, such allotments exist, and every such allotment gives an
ODC G of Km+n. The problem is to nd an allotment providing an ODC with all its
pages mutually isomorphic.
The next lemma describes a situation where the desired allotment can be given. To
formulate the lemma, we need two more notions.
Let G=(V; E) be a graph with jV j=n and jEj=n−1. For a bijection  : V ! V (Kn)
we dene (E) to be the set of edges f(x); (y)g such that fx; yg 2 E. Finally, let
(G) :=(V (Kn); (E)). Consider an ODC G=f1(G); : : : ; n(G)g of Kn by G. We call
x 2 V a rotating vertex of G if f1(x); : : : ; n(x)=V (Kn)g. By denition, every vertex
of a CODC is a rotating vertex.
Lemma 6 uses an operation called adding a star. Given a graph G, we add the n-star
at x 2 V (G) simply by putting n new vertices into the vertex set of G and inserting
all edges joining x and one of the new vertices.
Lemma 6. Let G1 and G2 be graphs with jV (G1)j = m and jV (G2)j = n such that
there are ODCs G1 and G2 of Km and Kn by G1 and G2, respectively. Furthermore,
let G be a graph on m + n vertices which can be obtained from G1 by adding an
n-star at a rotating vertex of G1. If G can be obtained from G2 by adding stars at
some rotating vertices of G2, then there is an ODC of Km+n by G.
Proof. We use the adding-construction with G1 and G2 to generate an ODC of Km+n
by G.
Let G1 = f1(G1); : : : ; m(G1)g and G2 = f1(G2); : : : ; n(G2)g. Furthermore, let x 2
V (G1) be a rotating vertex of G1 such that G can be obtained from G1 by adding an
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n-star at x. For i= 1; : : : ; m add the n-star, whose vertices of degree 1 are the vertices
from V (Kn), to i(G1) at i(x). Denote by G01 the collection of the m graphs obtained
that way.
Let y1; : : : ; ys 2 V (G2) be rotating vertices of G2 such that G can be obtained
from G2 by adding a star at each yj, j = 1; : : : ; s, say an mj-star at yj. Then, clearly,Ps
j=1mj = m. Further let V1 [    [ Vs be a partition of V (Km) with jVjj = mj for
j=1; : : : ; s. For every i 2 f1; : : : ; ng add to the page i(G2) an mj-star at vertex i(yj)
for j=1; : : : ; s. Label the new vertices (the vertices of degree 1 of the star) arbitrarily
with the elements of Vj. This way we obtain n graphs, each with n+ m vertices. Let
G02 denote the collection of these graphs.
Put G=G01[G02. By construction, G consists of m+n spanning subgraphs of the Km+n
on V (Km) [ V (Kn) which are isomorphic to G. Every edge fx; yg with x; y 2 V (Km)
(resp. x; y 2 V (Kn)) belongs to the edge sets of exactly two elements of G01 (resp.
G02). For H1; H2 2 G01 (resp. H1; H2 2 G02) there is exactly one edge contained in
E(H1) \ E(H2), both endpoints of this edge are in V (Km) (resp. V (Kn)). Every edge
fx; yg with x 2 V (Km) and y 2 V (Kn) appears in exactly one element of G0i , i = 1; 2.
For H1 2 G01 and H2 2 G02, the condition jE(H1) \ E(H2)j = 1 is fullled, where the
common edge has one endpoint in V (Km) and the other in V (Kn). Consequently, G is
an ODC of Km+n by G.
Examples for applying the adding-construction this way are given in Lemma 3 of [18].
In Section 6 we will add ODCs G1; : : : ;Gs of Kn1 ; : : : ; Kns , respectively, to obtain
an ODC of Kn1++ns . For that purpose we will add the vertex sets of all Kj’s with
j 6= i to every page of Gi. Then we will allot every edge fu; vg with u 2 V (Kni) and
v 2 V (Knj) to exactly one graph resulting from a page of Gi and to exactly one graph
resulting from a page of Gj. It is not hard to see that this is the same as applying the
adding-construction iteratively: rst add G1 and G2, then add the resulting ODC and
G3, and so on. The advantage of adding more than two ODCs once instead of adding
two ODCs several times is that we do not need to consider the \in-between" ODCs
whose pages might not be mutually isomorphic.
4. (p; q; r; 4)-trees
Let p>q>1 and r>0 be integers. By (p; q; r; 4)-tree we denote the tree of diameter
4 consisting of a path with three vertices and exactly p vertices of degree 1 adjacent to
one endpoint of that path, exactly q vertices of degree 1 adjacent to the other endpoint,
and exactly r vertices of degree 1 adjacent to the middle point (Fig. 2).
For some classes of (p; q; r; 4)-trees, ODCs were constructed in [11]. In this section
we give ODCs for all such trees.
Lemma 7. Let T be a (p; q; r; 4)-tree on n = p + q + r + 3 vertices with r6p − q.
Then there is a CODC of Kn by T .
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Fig. 2. The (p; q; r; 4)-tree.
Proof. We prove the lemma by explicitly giving an OL  of the T .
Let x; y; z 2 V (T ) be vertices with degrees greater than 1 such that E(T ) contains
fx; yg and fy; zg, and x is adjacent to exactly p vertices of degree 1. Put
(x) = q+ r + 1; (y) = 2q+ r + 1; (z) = q:
Partition the vertices of degree 1 adjacent to x into two classes of q− 1 and p− q+1
vertices and label them with
q+ r + 1 + i; i = 1; : : : ; q− 1;
2q+ r + 1 + i; i = 1; : : : ; p− q+ 1;
respectively. Finally, label the r vertices of degree 1 adjacent to y with q+1; : : : ; q+ r
and the q vertices of degree 1 adjacent to z with 0; : : : ; q− 1.
It is easy to see that with the above labelling every length < bn=2c appears exactly
twice and that
r(i) = r + 1 + i for i = 1; : : : ; q;
r(i) = i − q for i = q+ 1; : : : ; q+ r + 1;
r(i) = i for i = q+ r + 2; : : : ;

n
2

:
:
Consequently,  is an OL of T .
Theorem 8. Let T be the (p; q; r; 4)-tree on n=p+ q+ r+3 vertices. Then there is
an ODC of Kn by T .
Proof. Without loss of generality, we may assume r >p−q because of Lemma 7. We
take two CODCs and apply Lemma 6, i.e. use the adding-construction, to obtain an
ODC by the (p; q; r; 4)-tree (Fig. 3). We obtain ODCs by all (p; q; r; 4)-trees, except
some trees on few vertices for which solutions are known.
Case 1: Assume r>3. By Lemma 7, there is a CODC of Kn−r by the (p; q; 0; 4)-tree.
Obviously, the (p; q; r; 4)-tree can be obtained from the (p; q; 0; 4)-tree by adding an
r-star. By Lemma 4, there is a CODC of Kr by the (r−1)-star. The (p; q; r; 4)-tree can
be obtained from the (r − 1)-star by adding a p-star and a q-star, respectively, at two
dierent vertices of degree 1 and a 3-star at the vertex of degree > 1. Now Lemma 6
with the (p; q; 0; 4)-tree as G1 and the (r − 1)-star as G2 implies the assertion.
Case 2: Assume r62 and p>4. Since r >p−q holds, we have q− (p−3)>2>r.
Now by Lemma 7, there is a CODC of Kn−3 by the (q; p−3; r; 4)-tree. The (p; q; r; 4)-
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Fig. 3. An orthogonal labelling of the (5; 2; 2; 4)-tree.
Fig. 4. The (t; k1; : : : ; kt ; 4)-tree.
tree can be obtained from the (q; p−3; r; 4)-tree by adding a 2-star. By Lemma 4, there
is a CODC of K3 by the 2-star. The (p; q; r; 4)-tree can be obtained from the 2-star
by adding an r-star at the vertex of degree 2, a p-star at a vertex of degree 1, and a
q-star at the other vertex of degree 1. Applying Lemma 6 with the (q; p− 3; r; 4)-tree
as G1 and the 2-star as G2 yields the assertion.
Case 3: Assume r62 and p63. In this case we have n611, and the desired ODC
exists by Theorem 1.
5. (3; k1; k2; k3; 4)-trees
In the following, we describe an arbitrary tree of diameter 4 by its parameters t
and k1; : : : ; kt . Let t>2 and k1>   >kt>0 be integers, and let k1; k2 be positive. By
(t; k1; : : : ; kt ; 4)-tree we denote the tree of diameter 4 which can be obtained from the
t-star by adding a ki-star at the ith vertex of degree 1 for i = 1; : : : ; t (Fig. 4). For
convenience, the n-star and the (p; q; 3)-tree are the same as the (n; 0; : : : ; 0; 4)-tree
and the (p + 1; q; 0; : : : ; 0; 4)-tree, respectively. Let us call the t vertices of the
(t; k1; : : : ; kt ; 4)-tree, which are adjacent to k1; : : : ; kt vertices of degree 1, respectively,
the central vertices and the vertex adjacent to all central vertices the top of the
(t; k1; : : : ; kt ; 4)-tree.
Theorem 9. Let T be the (3; k1; k2; k3; 4)-tree on n = k1 + k2 + k3 + 4 vertices. Then
there is an ODC of Kn by T .
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Fig. 5. OLs for small (3; k1; k2; k3; 4)-trees.
Proof. Let T 0 be a tree that can be obtained from T by adding a 4-star at some central
vertex. To prove the theorem, we shall give CODCs for some small (3; k1; k2; k3; 4)-trees
and use the following recursion: If there is an ODC G of Kn by T such that the central
vertices of T are rotating vertices of G, then there is an ODC G0 of Kn+4 by T 0 such
that the central vertices of T 0 are rotating vertices of G0.
Assume there exists an ODC G of Kn by T such that the central vertices of T are
rotating vertices of G. By Lemma 4, there is a CODC G of K4 by the 3-star. Since
T 0 can be obtained from the 3-star by adding stars at vertices of degree 1, Lemma 6
with G1 =G and G2 = G yields the existence of an ODC G0 of Kn+4 by T 0. Let us go
back to the construction of G0 given in the proof of Lemma 6. By this construction,
if x is a central vertex of T 0, then in the pages from G01 x runs through V (G) and in
the pages from G02 through the vertex set of the 3-star. Consequently, x is a rotating
vertex of G0.
To complete the proof, we need to give OLs for all (3; k1; k2; k3; 4)-trees with k163,
where k1 =0 or k2 =0 is allowed. There are exactly 20 such trees. Five of them admit
OLs by Lemma 4, Theorem 5, or Lemma 7. For another 10, OLs are given in Fig. 5.
For 2 of the remaining 5, namely the (3; 1; 1; 1; 4)- and the (3; 2; 2; 0; 4)-tree, OLs are
given in [12].
The 3 trees left are the (3; 2; 2; 2; 4)- , (3; 1; 0; 0; 4)- , and (3; 3; 0; 0; 4)-trees. These
trees admit ODCs by Theorem 1, but unfortunately they do not admit CODCs. Since all
(3; k1; 0; 0; 4)-trees are of diameter 3, for our recursion it suces to have CODCs of the
(3; 4; 1; 0; 4)- and (3; 4; 3; 0; 4)-trees instead of the (3; 1; 0; 0; 4)- and (3; 3; 0; 0; 4)-trees,
respectively. These CODCs exist by Lemma 7. To complete the proof, we must nd an
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Table 1
An ODC of K10 by the (3; 2; 2; 2; 4)-tree with the top a and the central vertices b; c; d rotating and with
xi; yi adjacent to i 2 fb; c; dg.
a b c d xb yb xc yc xd yd
0 1 2 3 4 7 5 8 6 9
1 2 3 0 4 7 5 8 6 9
2 3 0 1 4 7 5 8 6 9
3 0 1 2 4 7 5 8 6 9
4 5 8 7 0 1 2 3 6 9
5 6 9 8 0 1 2 3 7 4
6 7 4 9 0 1 2 3 8 5
7 8 5 4 0 1 2 3 9 6
8 9 6 5 0 1 2 3 4 7
9 4 7 6 0 1 2 3 5 8
ODC of K10 by the (3; 2; 2; 2; 4)-tree such that the central vertices are rotating vertices.
Such an ODC of the K10 on f0; 1; : : : ; 9g is given in Table 1, where the top also rotates.
Every row in Table 1 describes a labelling of the (3; 2; 2; 2; 4)-tree, and the 10 labelled
graphs are the pages.
Theorem 9, Lemmas 4, and 6 enable us to construct ODCs for another class of trees.
Corollary 10. Let T be a (t; k1; : : : ; kt ; 4)-tree on n= t+1+
Pt
i=1 ki vertices such that
t>7 and ki = 0 for 46i6t. Then there is an ODC of Kn by T .
Proof. In the proof of Theorem 9, we constructed ODCs for all (3; k1; k2; k3; 4)-trees
such that the central vertices are rotating vertices. One immediately observes that the
tops are also rotating vertices of the constructed ODCs. Starting with such an ODC of
K4+k1+k2+k3 by the (3; k1; k2; k3; 4)-tree and a CODC of Kt−3 by the (t−4)-tree, Lemma
6 yields the desired ODC of Kn by T .
6. Other trees of diameter 4
In Theorem 11 below, we give a class of ODCs by trees of diameter 4 which can
be generated applying the adding-construction with a number of CODCs by the t-star.
That is why we have the strong condition (i) in the theorem. But this condition can
be weakened considerably using the existence results for CODCs from the previous
sections, as shown in Corollary 12.
Theorem 11. Let T be a (t; k1; : : : ; kt ; 4)-tree on n= t + 1+
Pt
h=1 kh vertices, and let
kh=(t+1)‘h+ rh with rh 2 [t+1] for h=1; : : : ; t. Furthermore, let the two following
conditions be satised:
(i) n  0 (mod t + 1),
(ii) (t + 1) Pth=1 ‘h> Pth=1 rh:
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Then there is an ODC of Kn by T . Moreover, the top and the central vertices of
T are rotating vertices of this ODC.
Proof. Put s :=n=(t + 1) and ‘ :=
Pt
h=1 ‘h. Now (ii) is equivalent to ‘>(s − 1)=2.
Let S denote the t-star, and let fx1; : : : ; xtgV (S) be the set of vertices which have
degree 1 in S and x0 the vertex of degree t.
We use the adding-construction to generate an ODC of Kn by T from s dierent
CODCs of Kt+1 by S.
Let V (Kn) = V0 [    [ Vs−1 be a partition of V (Kn) into pairwise disjoint sets of
cardinality t+1. For i 2 [s] and j 2 [t+1] let ij : V (S)! Vi be bijections such that
for i 2 [s] the set Gi = fi0(S); : : : ; it(S)g is a CODC of the complete graph on Vi
by S. The Gi’s, and therefore the ij’s, exist by Lemma 4. Throughout this proof, the
indices of the V ’s and the rst indices of the ’s will be considered as the elements
of the cyclic group over [s].
We shall describe now how to generate from the page ij(S) of Gi the page Gij of
a new ODC G = fGijji 2 [s]; j 2 [t + 1]g of Kn by T . Firstly, for all h 2 f1; : : : ; tg
with ‘h > 0, add to ij(S) at the vertex ij(xh) the (‘h(t + 1))-star whose vertices of
degree 1 are those from
8<
:x 2 Vi+qj
h−1X
p=1
‘p<q6
hX
p=1
‘p
9=
; :
Secondly, for every i 2 [s] put Ui:=fx 2 Vi+qj‘<q<s−‘g, and let Ui=Ui1[  [Uit
be a partition with jUihj = rh for h = 1; : : : ; t. Now for h = 1; : : : ; t add at ij(xh) the
rh-star whose vertices of degree 1 are those from Uih. (Add nothing if rh = 0.) The
resulting graph is Gij.
By the above construction, all graphs Gij are isomorphic to T . Consider two dierent
graphs Gij and Gi0j0 .
Case 1: Assume i= i0. Then, by the above construction, Gij and Gi0j0 share exactly
one edge, and this edge is fij(x0); ij0(x0)g.
Case 2: Assume i 6= i0. Without loss of generality, we may assume i + q = i0 with
q6s=2. Now (ii) implies q6‘. Let h 2 f1; : : : ; tg such that Ph−1p=1 ‘p<q6Php=1 ‘p.
By construction, in Gij all vertices from Vi0 are adjacent to ij(xh). Let i0 + d= i.
Case 2.1: Assume d6‘. Then in Gi0j0 all vertices from Vi are adjacent to i0j0(xg),
where g 2 f1; : : : ; tg such that Pg−1p=1 ‘p<d6Pgp=1 ‘p. Consequently, Gij and Gi0j0
share exactly the edge fij(xh); i0j0(xg)g.
Case 2.2: Assume d>‘. Then ij is adjacent to i0j0(xg), where g 2 f1; : : : ; tg such
that ij(xh) 2 Ui0g. Therefore Gij and Gi0j0 share exactly the edge fij(xh); i0j0(xg)g.
Note that in both cases 2.1. and 2.2. the numbers h; g are independent of j; j0. Since
G0; : : : ;Gs−1 are cyclic, for all i 2 [s] every set fij(xh)jj 2 [t + 1]g is equal to Vi.
Consequently, every edge fx; yg with x; y 2 Vi appears in two graphs Gij and Gij0 , and
every edge fx; yg with x 2 Vi; y 2 Vi0 appears in two graphs Gij and Gi0j0 . A simple
double counting shows that every edge from E(Kn) must appear in exactly two of the
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constructed graphs. Therefore G is an ODC of Kn by T . The fact that the top and the
central vertices of T are rotating vertices of G is easily veried.
Let us consider the interaction between the pages of two ODCs Gi and Gj, if we
construct an ODC by some graph G adding s ODCs G1; : : : ;Gs by graphs G1; : : : ; Gs,
respectively, like in the proof of Theorem 11. To make the construction work, we
always add one star from the one side and are allowed to add one or more stars from
the other side. In detail, we add one star to every page of Gi such that the new vertices
are all x 2 V (Gj), where to every page from Gj stars are added such that the set of
the new vertices is V (Gi). On average, we have to add to Gi just one star for at least
half of the other Gj’s. Therefore, taking into consideration that G must be obtainable
from every Gi by adding stars, choosing the t-star as Gi for all i and presuming (ii) is
in a sense the best we can do, if we want to use our construction to generate ODCs
by (t; k1; : : : ; kt ; 4)-stars.
The following corollary shows a way to avoid condition (i).
Corollary 12. Let T and n be like in Theorem 11, and let m>t + 1 be an integer.
Furthermore, let T 0 be a tree which can be obtained from T by adding an m-star at
the top or at some central vertex. If T 0 has a subtree U on m vertices such that the
t-star is a subtree of U and there is a CODC of Km by U , then there is an ODC
of Km+n by T 0.
Proof. By Theorem 11 and the existence of a CODC by U , we may apply Lemma 6
with G1 = T and G2 = U to obtain an ODC of Km+n by T 0.
Let us conclude with another corollary which is weaker than the results before but
probably more handy and easier to keep in mind.
Corollary 13. Let V be a (t; k1; : : : ; kt ; 4)-tree on n vertices with k1>4t+3 and kh>t+
1 for h= 2; : : : ; t. Then there is an ODC of Kn by V .
Proof. Let n= (t + 1)s+ r with r 2 [t + 1]. We apply Corollary 12 with the (t; k1 −
2t − 2 − r; k2; : : : ; kt ; 4)-tree as T and the (t + r; 1; t − 2; 4)-tree as U . Obviously, the
t-star is a subtree of U , and by Lemma 7, U admits a CODC. T satises condition
(i) in Theorem 11. By r6t, k1>4t + 3, and kh>t + 1 for h = 2; : : : ; t, the left-hand
side of (ii) is at least t2 + t, where the right hand side is at most t2.
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